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Abstract 

We investigate the Kahler-Ricci flow modified by a holomorphic vector field. We 
find equivalent analytic criteria for the convergence of the fiow to a Kahler-Ricci 
soliton. In addition, we relate the asymptotic behavior of the scalar curvature along 
the fiow to the lower boundedness of the modified Mabuchi energy. 

1 Introduction 

Let M be a compact Kahler manifold of complex dimension n with ci(M) > 0. A Kahler- 
Ricci soliton on M is a Kahler metric uj = ^gj^jdz^ A dz^ in the cohomology class tt ci{M) 
together with a holomorphic vector field X such that 

Ric(c<j) — uj = Lx'^- (1-1) 

Alternatively, in coordinate notation, writing Xj. = g^iX^, 

Rkj - 9kj = VjXfc. (1.2) 

Let $t be the 1-parameter group of automorphisms of M generated by ReX. The family 
of metrics g^jit) = $1^(5'^^) provides then a solution of the Kahler-Ricci flow, 

9kjit) = -Rkj+ 9kj (1-3) 

where the evolution in time is just by reparametrization. 

If X is the zero vector field then (1.1) reduces to the Kahler-Einstein equation. Kahler- 
Ricci solitons are in many ways similar to extremal metrics, which generalize constant 
scalar curvature Kahler metrics and are characterized by the condition that the vector 
field V*-R is holomorphic. Extremal metrics are the critical points of the Calabi functional 
C{gkj) = \\R — R\\'l2, where R is the average of the scalar curvature. A classic conjecture 
of Yau [Y2] asserts that the existence of constant scalar curvature metrics in a given 
integral Kahler class should be equivalent to the stability of the polarization in the sense 
of geometric invariant theory. Notions of K-stability for constant scalar curvature metrics 
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have been proposed by Tian [T] and Donaldson [Dl], and extended to the case of extremal 
metrics by Szekelyhidi [SI] (see also [M]). Similarly, the existence of Kahler-Ricci solitons 
is expected to be equivalent to a suitable notion of stability. 

Kahler-Ricci sohtons can also be viewed as the stationary points of the modified Kdhler- 
Ricci flow, that is, 

9kj = -R-kj + g-kj + VjX^ (1.4) 

which is the flow (1.3) reparametrized by the automorphisms generated by the real 
part ReX of the holomorphic vector field X. Similar reparametrizations, in the context 
of Hamilton's original Ricci flow [H], had been introduced by DeTurck [DeT] to give a 
simpler proof of the short-time existence of the flow. 

The modifled Kahler-Ricci flow appears in the work of Tian-Zhu [TZ2] as part of their 
study of the Kahler-Ricci flow assuming a priori the presence of a Kahler-Ricci soliton. 

They make use of a Moser-Trudingcr type inequality from [CTZ] to deduce convergence 
of the flow in the sense of Cheeger-Gromov. (In the special case where there are no 
nontrivial holomorphic vector fields, it is known by the work of [P2], [TZ2], [PSSW2] 
that the existence of a Kahler-Einstein metric implies the exponential convergence of the 
Kahler-Ricci flow to that metric.) 

In this paper, we study the long-time behavior of the modified Kahler-Ricci fiow without 
assuming the existence of a Kahler-Ricci sohton. We give analytic conditions which are 
both necessary and sufficient for the convergence of the flow to a Kahler-Ricci sohton. 

These conditions are analogous to the ones given in [PSSWl] for the convergence of the 
Kahler-Ricci flow. As explained in [PSl] and [PSSWl] they can be interpreted as stability 
conditions in an infinite-dimensional geometric invariant theory, where the orbits are those 
of the diffeomorphism group acting on the space of almost-complex structures. 

We provide now a description of our results. We will assume always that M is a compact 
Kahler manifold with Ci(M) > and X is a holomorphic vector field whose imaginary 
part lm.X induces an action on M. Note that once a maximal compact subgroup G of 
Aut°(M) is fixed, there is a natural choice of such a vector field X (for more details see 
Section §2.1 below). 

First, we define the notion of the Hamiltonian 9x,lo and modified Ricci potential ux,uj- 
Write Kx for the space of Kahler metrics in 7rci(M) which are invariant under ImX. Given 
u) = ^g^jdz^ A dz'^ e Kx we define a real-valued function 9x,uj by 

X'9-k, = ^x,.. f e^--a;" = / a;" =: V. (1.5) 
The Ricci potential f — f{oj) is given by 

9-kj-Rkj-9-,d,f, ( e-^u-^V, (1.6) 
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and we define a modified Ricci potential ux,u) by 

ux,o.^f + Ox,o.- (1-7) 

If M admits a Kahler-Ricci soliton u; e n ci{M) with respect to the vector field X, then 
cu is necessarily in fCx and ux,uj — 0. Let gkj{t) evolve by the modified Kahler-Ricci fiow 

(t)^ I |Vux,.,|'e^--u;". (1.8) 

JM 

The modified Kahler-Ricci flow starting at c^o ^ preserves the Kahler class, and can 
be expressed as a fiow of Kahler potentials. Define 

VxiM, ujq) = C°°{M) I a; = a;o + l^dd^ > 0, ImX((^) = 0}, (1.9) 

which, modulo constants, can be identified with K,x- Let ip = ip{t) e Vx{M,u!q) be the 
solution of the equation 



and set 

Yx 



<^ = ^og — + (f + 9x,uj + f{uJo), 
<p{0) = Co. (1.10) 

Then the Kahler metrics u — ujo + ^ddip evolve by the modified Kahler-Ricci fiow (1.4). 
The initial constant Cq can affect the growth of (p for large time, and has to be chosen with 
some care. We choose it to be given by the value (2.34) described in Section §2 below. 

Our first main theorem is a general characterization of the convergence of the modified 
Kahler-Ricci flow, which shows in particular that if convergence occurs, it always does so 
at an exponential rate: 

Theorem 1 Let ljo G ICx, '■= \9%jd^^ ^ dz'', and consider the modified Kdhler-Ricci 
flow (1-4) with initial metric ujq. Then the following conditions are equivalent: 

(i) The modified Kdhler-Ricci fiow gijif) converges in C°° to a Kdhler-Ricci soliton 
gkj{oo) with respect to X . 

(a) The function \\R — n — X/jX^co is integrable, i.e., 



CO 







\R-n-VjX^\\codt <oo. (1.11) 



(Hi) Let the potential ip{i) evolve according to (1.10), with initial value cq as specified 
in the equation (2.34) below. Then we have 

suPt>o||v'(t)||co < oo. (1.12) 

(iv) Let the function Yx{t) be defined by (1.8). Then there exist constants k.,C with k 
strictly positive so that 

Yxit) < Ce~^K (1.13) 

(v) The modified Kdhler-Ricci flow g^jit) converges exponentially fast in to a 
Kdhler-Ricci soliton gij{oo) with respect to X. 



The preceding theorem shows that the growth ofYx{t), or alternatively, of the function 
n— VjX-' is key to the problem of convergence of the modified Kahler-Ricci flow. 
Our next result addresses the behavior of these quantities under a stability assumption. 
Following [TZl], we define the modified Mabuchi K-energy fix '■ Vx{M,ijJq) ^ R by 

5fix{^) I 5ip(R-n- WjX^ - Xux,o?j e'^-o;", /^x(0) = 0. (1.14) 

V jm ^ ' 

To clarify this definition, since R — n — V jX^ — Xu = — (A + KeX)ux,u}-, the integrand 

is real and thus fix does indeed map into R. For a proof that fixif) is independent of 

choice of path in Vx{M,u;o), see [TZl]. 

We consider the condition: 

(Ax) fix is bounded from below on Vx{M,u;o) 

In [TZl] it is shown that {Ax) is a necessary condition for the existence of a Kahler- 
Ricci sohton uj with respect to X. Here we shall establish the following theorem: 

Theorem 2 Assume that Condition {Ax) holds, and let ujq e K-x- Then we have, along 
the modified Kahler-Ricci flow (1-4) starting at Uq, 

Yx{t)^0 and \\R - n - VjX^\co ^ 0, as t ^ oo. (1.15) 

Furthermore, for any p > 2, we have 

roo 

\\R-n -VjX^Wlodt <oo. (1.16) 

Note that a metric u G ICx satisfies R~n — VjX^ = if and only if a; is a Kahler-Ricci 
soliton with respect to X. However, the convergence of \\R — n — VjX^\co to zero is 
of course weaker than the convergence of the metrics gj^j {t) themselves to a Kahler-Ricci 
soliton, and this is to be expected, since the condition {Ax) is only a semi-stability type 
of condition. 

Next, we describe another consequence of the condition {Ax). Associated to the mod- 
ified Mabuchi K-energy is the modified Futaki invariant Fx (see [TZl]), given by 

Fx{Z) = - / (Z^/x,.)e^^-a;", (1.17) 

for a holomorphic vector field Z. The modified Futaki invariant Fx is independent of the 
choice of a; e K-x- It follows immediately that Fx = is a necessary condition for the 
existence of a Kahler-Ricci soliton in JCx- 

In the unmodified case, corresponding to X — 0, the condition {Ax) reduces to the 
condition {A) of lower boundcdncss of the Mabuchi K-cnergy. It is then easy to show that 
{A) implies that the unmodified Futaki invariant Fx=o{Z) vanishes for all holomorphic 
vector fields Z G H^{M,T^''^), by differentiating the functional along the integral paths of 
Z. We show how to rework this argument to prove the analogous statement when X ^ 
(to our knowledge, this result is not in the literature). 
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Proposition 1 If (Ax) holds then Fx{Z) — for all holomorphic vector fields Z. 



Our third theorem shows that {Ax) together with one additional assumption give 
necessary and sufficient conditions for the convergence of the metrics gij{t) themselves. 
Let \{t) be the first positive eigenvalue of the operator —g^^'^f^k ^-cting on smooth 7"^'° 
vector fields. Namely, 

\\dVf 

A(i) = infy_Li70(M,Ti.o)-p7p-, (1-18) 

where H^[M,T^'^) is the space of holomorphic vector fields on M and we are using the 
natural inner product induced by g-^j{t) on the spaces T^'*^ and T^'~^. This quantity 
was first introduced in the context of the Kahler-Ricci flow in [PSl]. Recall the following 
condition from [PSSWl]: 

(S) mit>oX{t) > 0. 

Then we have: 

Theorem 3 The modified Kdhler-Ricci flow (1.4), starting at an arbitrary metric cuo £ 
ICx, converges exponentially fast in to a Kdhler-Ricci soliton with respect to the holo- 
morphic vector field X if and only if the conditions {Ax) and {S) are satisfied. 

Since condition (S) is invariant under automorphisms, an immediate consequence of 
Theorem 3 is that convergence modulo automorphisms implies full convergence. More 
precisely, suppose that gijit) is a solution of the modified Kahler-Ricci fiow starting at 
uJo G ICx and assume there exists a family of automorphisms {^t}ti^[o,oo) such that ^l{gij) 
converges to a Kahler-Ricci soliton with respect to X. Then gijit) converges exponentially 
fast to a Kahler-Ricci sohton with respect to X. 

Finally we discuss in more detail the behavior of Yxit) which, as can be seen from 
Theorem 1, is key to the convergence of the Kahler-Ricci flow. The next result provides 
information on the growth of Yx{t) for the completely general modified Kahler-Ricci fiow 
and brings to fight the obstructions to the convergence of the fiow. 

It is convenient to introduce a quantity \x which is uniformly equivalent to the eigen- 
value A described above (see Lemma 12 below). Equip the spaces T^'^ and T^~^ with the 
norms 



= / g-kjV'V^e'^^-uj^, 



\W\\l = J^gk,W^^W^'g''e'-'-u;\ (1.19) 

with respect to which they can be completed into Hilbert spaces. Define the eigenvalue 
Ax(t) by 
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where the notion of perpendicularity is taken with respect to the norm || • H^t. Then we 
have the following: 

Theorem 4 Consider the modified Kdhler-Ricci flow (1.4) with initial metric cuq e ICx- 
Then there exist N, Sj > 0, < j < N , depending only on n and satisfying the condition 

^E<^.>1 (1-21) 

and a constant C > 0, depending only on the initial metric ujq so that, for all t > 2N , the 
following difference- differential inequality holds 

N g 

Yx{t) < -'2Xx{t)Yxit)-2Xx{t)Fx{7r{V{ux,o.))) + C YlYx{t-2j)^. (1.22) 

Here Vwx,w is the vector field g^^d^ux,!^, and tt is the orthogonal projection, with respect 
to the norm \\ ■ \\g, of the space T^'° of vector fields onto its subspace H^{M,T^'^) of 
holomorphic vector fields. 

We stress that the estimate (1.22) holds in full generality, without any stability as- 
sumptions. 

The main point of the estimate (1.22) is that certain difference-differential inequalities, 
while weaker than the standard inequality Y < —\Y, can still guarantee the exponential 
decay of Y(t). A key example for our purposes is Lemma 13 below. In view of the estimate 
(1.22) for Yx{t), we see that the convergence of the modified Kahler-Ricci flow is related 
to three issues: 

(a) The vanishing of the modified Putaki invariant Fx] 

(b) Whether Yx{t) tends to as i — > oo; 

(c) The existence of a strictly positive uniform lower bound for Ax(^) (or X{t)). 

The arguments and viewpoint in this paper run closely in parallel to those of [PSSWl], 
which deals with the case X = 0. In what follows, we have emphasized only the main 
changes due to the modified Kahler-Ricci fiow and the holomorphic vector field X. Nev- 
ertheless, we have tried to make the discussion reasonably self-contained, and taken the 
opportunity to bring out some estimates for both the Kahler-Ricci flow and the modifled 
Kahler-Ricci flow which hold in all generality, independent of any stability assumption. 
That is particularly the case for Theorems 1 and 4 above. 

In addition, we mention one result used in the proofs of the main theorems which may 
be of independent interest. Assuming only that the initial metric g-j^j is invariant under 
ImX, we have (see Proposition 2 below) 

gj-.X^X^^\X\'<C, (1.23) 
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for all time, where g^jit) is a solution of either the Kahler-Ricci flow or the modified flow. 

We give a brief outline of the paper. In Section §2 we give some background on the 
modified Mabuchi K-cnergy and Futaki invariant, prove Proposition 1 and describe the 
Kahler-Ricci and modified Kahler-Ricci fiows. In Section §3 we prove some estimates for 
the modified Kahler-Ricci fiow, which hold in a general setting. The proof of the difference- 
differential inequality. Theorem 4, is given in Section §4. Theorems 2, 1 and 3 are then 
proved in Sections §5, §6 and §7 respectively. Finally, in Section §8 we mention a few 
further remarks and questions. 

2 The modified Mabuchi K-energy, Futaki invariant 
and Kahler-Ricci fiow 

2.1 The modified Mabuchi K-energy and Futaki invariant 

We discuss in this subsection the modified Mabuchi K-energy and modified Futaki invariant 
and mention two results of Tian-Zhu. 

From the definition of the modified Mabuchi K-energy, 

Sfixiv) = -^ [ 6ip(R-n- VjX^ - XuxJ e^^-w", /xx(0) = 0, (2.1) 
V Jm ^ ' 

we see that its critical points satisfy 

(A + X)xix,a, = 0, (2.2) 

and hence are Kahler-Ricci sohtons with respect to X. Note that after integrating by parts 
the variation of [ix can be rewritten as 

5^ix{v) = -Tr / o^^x,- A db^ A e^--u;"-\ (2.3) 

V JM I 

a formulation that will be useful later. 

A key result that we will use in this paper is as follows: 

Theorem 5 ([TZl]) If there exists a Kahler-Ricci soliton with respect to X, then /ix is 
bounded below on Vx{M,u!o)- 

Next, the modified Futaki invariant Fx : -H"°(M,T^'°) ^ C is given by 

Fx{Z) = - I {Zux,^)e''''-uj\ (2.4) 

JM 

An important property of this invariant is that Fx vanishes on the reductive part of 
H^{M, T^'") for a particular choice of X. More precisely, fix a maximal compact subgroup 
G of the identity component Aut°(M) of the automorphism group of M. Write Lie (G)^ 
for the complexification of the Lie algebra of G, a reductive Lie subalgebra of the space of 
holomorphic vector fields. Then: 
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Theorem 6 ([TZl]) There exists a unique holomorphic vector field X' in Lie(G)*-' C 
H^{M,T^^^) satisfying ImX' e LieG and 

Fx'{Z) = 0, for all Z e Lie (G)^. (2.5) 

Moreover, X' lies in the center of Lie {G)^. 

Note that the condition ImX' e Lie G ensures that the imaginary part of X' induces 
an action on M. In this paper, we do not explicitly take our holomorphic vector field X 
to be this choice X'. On the other hand, it follows from Proposition 1 and the uniqueness 
part of Theorem 6 that once we fix a maximal compact subgroup G, if condition (Ax) 
holds and ImX is in Lie G then X — X' . 

Theorem 6 is related to the imiqueness result of [TZl] for Kahlcr-Ricci solitons, which 
we state now for the reader's convenience. If a;, uj' are Kahler-Ricci solitons with respect 
to holomorphic vector fields X, X' then there exists a in Aut°(M) such that 

a; = (7V, and X' ^ a^{X). (2.6) 

2.2 {Ax) and the modified Futaki invariant Fx 

In this subsection, we give the proof of Proposition 1. 

We will first show that Fx{Z) = for all holomorphic vector fields Z satisfying 

J^imxZ = 0. (2.7) 

Fix a Kahler metric uq G JCx- Write for the 1-parameter family of automorphisms of 
M induced by ReZ. Define ujt and ipt by 

*:u;o = a;* = a;o + '^ddi/jt. (2.8) 

Note that ijjt is defined only up to the addition of a constant, but this will not affect our 
calculations. Since by assumption Z is invariant under ImX we see that '0* G ^x(-^, ^o) 
and hence iJ,x{ipt) is well-defined. Also, 

'-ddiP = Cnezto, (2.9) 

where here, and henceforth, we are dropping the t subscript. 

On the other hand, there exists a complex- valued function 9z,u!, invariant under ImX, 
such that 

iz^ = '-Bez,^. (2.10) 
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Indeed, all manifolds with positive first Chern class are simply connected so the 9-closed 
(0, l)-form Z^g-j^-dz^ must be ^-exact. Since 

t — • t — 

-ddip = diYiez^ = Re{di,zoo) = -ddReez,^,, (2.11) 
we can assume without loss of generality that ip — Re9z,u}- Calculate 

= e^^'-(AV'cu" + nRe(^a^x,u; Aa^z,^ Acu'*-^)). (2.12) 

Then, by (2.3), 

|.x(^)--Re(^/^^5..,.Aa^Ae^-.-) 

= ^ wx,.e'-- (^-ddi, + Re Q^^x,. N o;^ 

\ ux,y'''- (AiP uj^ + nRe {^^dOx,^ A ddz,^ A ^""^ 
/ «x,c.>CRez(e'^-a;") 
/ {ReZ){ux,.)e'-'-L 

V JM 

Re{Fx{Z)). (2.13) 



.n-l 



_ 1 

~ V 

To go from the 2nd to 3rd hues, we have used the fact that = 9z,uj — and 

nRfi{\dex,u, A aim^z,u; A a;"-^) = -nRe (^Slm^^,^ A ^^x,.^ A o;""^ 

= -(ImX)(Im^z,a,)c^'* = 0, 

since by the assumption (2.7), lm6z,w is invariant under ImX. 

Condition (Ax) implies from (2.13) that Re {Fx{Z)) = 0. Replacing Z by iZ shows 
that Fx{Z) = for all holomorphic vector fields Z invariant under ImX. 

Now let Z be an arbitrary holomorphic vector field. Denote by {o't}te[o,2-7T] the 1- 
parameter family of automorphisms induced by ImX and define a holomorphic vector 
field Z by 

1 

Z ^ — alZ dt. (2.14) 



27r Jo 

By the argument above, since Z is invariant under ImX, we have Fx{Z) — 0. Then for 
each t e [0, 27r] , 

Fx{Z) = - / iZux,^o)^o = - / icT:Z){a;ux,.,)a;u;^ = Fx{a;Z), (2.15) 
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using the fact that uo and ux,u>o invariant under ImX. Thus 

Fx{Z) = ^ r FxiatZ) dt = Fx{Z) = 0, (2.16) 

ZTT Jo 

completing the proof of Proposition 1. 

2.3 The modified Kahler-Ricci flow 

We hst now some basic properties of the modified Kahler-Ricci flow. Some result from 
the fact that the modified Kahler-Ricci fiow is a reparametrization of the Kahler-Ricci 
flow, and the most important is a normalization for the modified Kahler potential (p which 
ensures that sup^>o||<^||co < oo- We remark that this bound is proved in [TZ2] assuming 
the existence of a Kahler-Ricci soliton. In our case, we only require the invariance of the 
initial metric uo under ImX. 

Fix luq E )Cx: coo — ^gljdz^ Adz'^ . Then the Kahler-Ricci flow and modifled Kahler-Ricci 
flow starting at cuq are given by 

R-kj+hj: ~9-kM=9% (2.17) 
R-kj + 9-kj + V,X^, g-kj{Q) = g%, (2.18) 

respectively. Note that if {^t}t£[o,oo)) = id, is the 1-parameter family of automorphisms 
of M generated by ReX, then the solutions to (2.17) and (2.18) are related by g%j{t) = 
^ti9kj)- The Kahler-Ricci flow preserves the action induced by ImX and so the Kahler 
forms uj{t) and Lj{t) lie in JCx- In the sequel, we will often drop the t. Also, we will denote 
by /, V and A the Ricci potential (see (1-6)), covariant derivative and Laplacian with 
respect to gi^j. Since we are using different notation for solutions of (2.17) and (2.18), and 
each of these flows can easily be obtained from the other, we will sometimes refer simply 
to 'the flow' rather than the speciflc equation (2.17) or (2.18). 

Before continuing our discussion of these two flows, we list without proof some known 
estimates for the Kahler-Ricci flow. The flrst three statements are due to Perelman [P2] 
(see [ST]) and the fourth is due to Zhang [Zha] and Ye [Ye]. 

Theorem 7 In the following, all norms are taken with respect to the metric gij {t) . 

(i) There exists a constant C depending only on ujq such that the Ricci potential f along 
the flow satisfies 

ll/IIco + ||V/||co + ||A/||co < C. (2.19) 

(a) The diameters diamg(t)M are uniformly bounded along the flow by a constant de- 
pending only on cuq. 



g-,9-kAt) 



d_ 
di 



9-kj{t) = - 
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(in) Let p > be fixed. Then there exists a constant c > depending only on cuq and p 
such that for all x & M and all r with < r < p we have 



[ cD"(t)>cr'", (2.20) 

JBrix) 



r{x) 

where Br{x) is the geodesic ball centered at x of radius r with respect to gj^j{t). 
(iv) There exists a constant Cs depending only on ujq such that the Sobolev inequality 

M\L^nnn-.) < C^dl Vt^IIl^ + WvWl^), for all t] e C°°(M) (2.21) 

holds. 

We remark that this theorem makes no reference to the vector field X and indeed does 
not require the initial metric cuq to be invariant under ImX. Moreover, all of the above 
statements are invariant under automorphisms and hence the analogous statements hold 
also for the metrics g-^j. 

We now describe (2.17) and (2.18) in terms of potentials. Define (f — (pit) and ip — ip{t) 
mVx{M,u;o) by 

^ = log ^ + + fM, m = Co, (2.22) 

^ = log ^ + + ex,^ + fM, m = Co, (2.23) 
or (jJq 

where the constants Cq and Cq will be defined shortly. One can check that Cj = u!o + ^dd(p 
and u = loq + ^ddip satisfy (2.17) and (2.18) respectively. 

Recall that 6x,oj is the Hamiltonian function defined by (1.5). It is well-known that 
9x,u! is well-defined. Indeed, by the same argument as for (2.10), there is a complex- valued 
function 9x,u) solving X^g^j — d^9x,u)- The equalities 

= >Cimx<^ = d Li^x^^ = ^dd Im ex,oj (2.24) 

ensure the existence of a real- valued function 9x,u; satisfying (1.5). 
Following the conventions of [PSS] (cf. [CT]) we define 

Co := r e-* / iVfl'u^'^dt -U fiuoH- (2-25) 

V Jo JM V JM 

Note that by Theorem 7 we have | V/| < C and so co is finite. With this choice of co, there 
exists a uniform C such that 

\\difi/dt\\co < C. (2.26) 

Before we define Co, we will need two lemmas. The first lemma implies that 9x,i^ is 
uniformly bounded along the fiow. 
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Lemma 1 For all uj' e ICx, we have 

\\Ox,ui'\\co = Px,ujo\\co ■ (2.27) 

Proof of Lemma 1: This result is well-known (see [FM] or [Zhul], for example), but for 
the reader's convenience we outline here a proof. We use the following version of Moser's 
theorem (which can be easily derived from [CdS], p. 43-44, for example). 

Theorem 8 Let M he a compact complex manifold with Kdhler forms ujq and uji which 
are invariant under an action induced by a real vector field W. Assume in addition 
that [cuq] — [cui] . Then there exists a diffeomorphism of M satisfying 

^*uJi^ujQ and ^^W ^W. (2.28) 
Write uji :— u' e ICx- By definition, '■— ^x,u>o ^-iid '■— ^x.^i satisfy 

tlmX<^0 = ^d0o, timX^^l = ^d0i, (2.29) 

with 

/ e^°uj^^V= [ e^i< (2.30) 

From Theorem 8 we obtain a diffeomorphism ^ of M with ^*cji = uq and \['*ImX = ImX. 
Applying to the equation timx^^i = \d9i we obtain d'^*6i = dOo, and hence ^'*6'i = Oq+c 
for some constant c. But from (2.30) we see that c — 0. This implies that ^o, : — R- 
have the same image in R. Q.E.D. 

Given this lemma we can now prove the following. 

Lemma 2 Along the modified Kdhler-Ricci flow we have 

I iXl^e'^^'-a;" < a (2.31) 

Proof of Lemma 2: From the definition of the modified Futaki invariant and the definition 
of (^x,uj we see that 

/ |X|V^'-u;" = - / (X/)e^^'-u;"-Fx(X). (2.32) 

JM Jm 

Hence, since Fx{X) is independent of choice of metric, we have 

/ iXlV^'-a;" < / |X||V/|e^^--a;" + C 
Jm Jm 

<\ I |X| V^'-u;" + ^ / |V/|V^'-a;" + C, (2.33) 
2 J m 2 Jm 
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and the lemma follows from Theorem 7, part (i) and Lemma 1. Q.E.D. 

We now define the constant Cq as follows: 

^0 T7 / e"* / \^ux,.\^e'^--u;^dt-- / Hx,c.oe'"-°c^o", (2-34) 
where we recall that Ux,u} — f + To see that Cq is finite, observe that 

\Vux,J^ < 2(|V/|' + < C + 2|X|2, (2.35) 
and hence by Lemma 1 and Lemma 2, 

\^ux,u,\^e^'''-u;'' < C. (2.36) 



M 

We will end this section by proving a uniform bound on (p. First, we have another 
general lemma on Hamiltonian functions: 

Lemma 3 For any cu' e )Cx with lu' = cuq + ^ddip', the Hamiltonian functions 9x,uj' (^nd 
9x,wo ^''^^ related by: 

0X,u;'^ex,u;o+X{ip'), (2.37) 

Proof of Lemma 3: This is proved in [TZl], p.301. Q.E.D. 

We can now prove: 
Lemma 4 There exists a uniform constant C such that along the flow, 

W^Wc^ < C. (2.38) 
Proof of Lemma 4-' Prom (2.17) and (2.18) we obtain 



for some constant m{t). Define 



^ = *:^ + ^x,. + m(t), (2.39) 



VJm 

Using Lemma 3, we have 

dt 



a{t) = ^ I 0e^^'-a;". (2.40) 



^^(A + X)<p + 0. (2.41) 



Since 

^ = ux,^ + c, (2.42) 
13 



for a constant c depending only on time, we have 

|„ = „_^|^|V„,,jV-.» (2.43) 

Integrating this ODE (cf. the argument in [PSS]) and applying (2.36) shows that 

< a{t) = lz r e-(^-*) / |VMxa;r(s)e^^''^Wa;"(s) ds < C, (2.44) 

or in other words, the average of (f with respect to the measure e^-^'"c<j" is bounded along 
the flow. The lemma now follows immediately from the formula (2.39) together with (2.26), 
(2.44) and Lemma 1. Q.E.D. 



3 Estimates for the modified Kahler-Ricci flow 

In this section, we establish the key estimates for the modified Kahler-Ricci fiow needed 
in the sequel. They include the analogues of Perelman's estimates for the Ricci potential 
and the scalar curvature for the Kahler-Ricci flow, the estimates for the Laplacian of the 
Hamiltonian function 9x,u), and a smoothing lemma. 

3.1 Estimates for the modified Ricci potential 

Deflne 

V := -(p. (3.1) 

Recall from (2.42) that differs from / + 6x,uj = ux,uj by a constant depending on time. 
Thus, when computing time evolutions, we have to distinguish between —v and ux,oj, but 
the difference disappears whenever V is applied. In the last section we established the 
bound 

\\v\\co < C, (3.2) 

and in this section we will prove the following further estimates for the modified Kahler- 
Ricci fiow. 

Proposition 2 Along the flow, the quantities 

\\^ux,oj\\co, \\Aux,J\co, \\X\\co, and || A6'x,a;||co (3.3) 

are uniformly bounded by a constant depending only on the initial data. Here, all norms, 
covariant derivatives and Laplacians are taken with respect to the evolving metric gij{t). 

These bounds will be obtained using the maximum principle. The proof of this propo- 
sition is contained in the following three lemmas. 
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Lemma 5 We have the following identities along the modified Kdhler-Ricci flow: 
(i) ^^={A + X)v + v 

d — 
(a) 7r|Vv|2 = (A + X)\Vv\^ - iVVvP - iVVvP + iVvP. 
at 

d — 
(Hi) —(A + X)v = (A + X)(A + X)v + (A + X)v + \VVv\\ 

Proof of Lemma 5: This is a straightforward calculation (cf. [CTZ]). Q.E.D. 

Note that although X is not a real operator on functions on M, the quantities v, | Vvp 
and At; above are all invariant under ImX, and so A + X can be replaced by the real 
operator A + ReX. 

Using these evolution equations we can give a proof of the following lemma. 

Lemma 6 There exists a uniform constant C depending only on the initial data such that 
along the flow, 

||Vt;||co < C. (3.4) 

Proof of Lemma 6: This is a straightforward modification of Perelman's maximum prin- 
ciple argument for the bound of the gradient of the Ricci potential (see [ST] , Proposition 
6). Since v is uniformly bounded along the flow by Lemma 4, we may choose a constant 
B such that v + B>Q. Define 

V + 2B 

Compute, using Lemma 5, 

iA + X-a,)H= - - ('''"''•^'^") + 1^^"!^ + 1^^"!' . (3.5) 

^ *^ V + 2B V + 2B V + 2B ^ ^ 

Fix T > 0. At a maximum point of H{x, t) for (x, t) E M x (0, T], the middle term on the 
right side of (3.5) vanishes and the left hand side of (3.5) is nonpositive. Then 

sup H{x, t) < max{2B, sup H{x, 0)), (3.6) 

ix,t)€Mx[0,T] xeM 

and since v is uniformly bounded, the result follows. Q.E.D. 
We can now prove: 

Lemma 7 There exists a uniform constant C depending only on the initial data such that 
along the flow, 

||V^x,.||co = ll^llco < C. (3.7) 
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Proof of Lemma 7: Since 

dt 

and |V/| is bounded by Theorem 7, part (i), the result follows from (2.39) and Lemma 6. 
Q.E.D. 



Lemma 8 There exists a uniform constant C such that along the flow we have 

||A^;||co<C, \\MxAW<C. (3.8) 

Proof of Lemma 8: First note that \Xv\ < \X\\Vv\ < C by Lemma 6 and Lemma 7. Prom 
Lemma 5, part (iii) we have 

(A + X - a*) ((A + X)v) - -A^; -Xv- \WWv\^ < -{Av) (^1 + ^) + C, (3.9) 

where we have used the elementary inequality |Af p < nlVVwp. Fix an arbitrary T > 0. 
At a minimum point of (A + X)v on M x (0, T] the left hand side of (3.9) is nonnegative 
and hence Av is bounded uniformly from below at this point. This gives the lower bound 
of (A + X)v along the flow, depending only on the initial data. 

To estimate ||Af ||(70, it suffices to prove a uniform upper bound for (A + X)v. This 
argument is similar to Perelman's estimate of the scalar curvature (see [ST]). Define 

(A + X)., + 2|V.r 

V + 2B ^ ' 

where B is chosen as in the proof of Lemma 6. Compute 

(A + X -dt)G ^ -2Re[ ^ +^ tzt^ --i ;:rT- (3.11) 

^ ^ \v + 2B J V + 2B {v + 2B) ^ ^ 

Since l/{v + 2B), \Xv\ and \Vv\ are uniformly bounded, we have 

{A + X-dt)G> -2Re f '^^ ] + Ci| VV^|^ - C2\Av\ + C3, (3.12) 

\ + zB J 

for uniform constants Ci, C2, C3 > with Ci uniformly bounded from below away from 0. 
By the maximum principle and a similar argTimcnt to the one above, we have {A+X)v < C 
for some uniform constant C. This gives the estimate for Av. Notice that 

A(t; + ^x,.)--A/, (3.13) 

which is uniformly bounded by Theorem 7, part (i). It follows that A9x,uj is uniformly 
bounded. Q.E.D. 
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3.2 An L?' /C^ Poincare inequality 

Recall that we have the following Poincare-type inequality on Kahler manifolds (M, a;) 
with u in 7rci(M) (see [F], or Lemma 2 of [PSSWl]) 

I- [ r^^e-Zu;" < 1 / | Vr^l'e-^u;'^, (3.14) 
V J M V J 

for all T] e C°°(M) with /^^r^e-Zc;" = 0. Define h = b{t) by 

[ «x,c.e-^a;". (3.15) 
V Jm 

Making use of (3.14) together with Theorem 7, parts (i) and (iii) we can prove the 
following: 

Lemma 9 There exists a uniform constant C such that 

\\ux,u. - Hlc^' < C W^uxJl^ \\^ux,Xco- (3.16) 
Proof of Lemma 9: See Lemma 3 in [PSSWl]. Q.E.D. 

3.3 A smoothing lemma 

The following is an analogue of the smoothing lemma from [PSSWl] (see [B], [CTZ] for 
related results.) 

Lemma 10 There exist positive constants S and K depending only on n and the constant 
Cx = sup^£[Q ,3Q-) ||X||co(i) with the following property. For any e with < £ < 5 and any 
to >0,if 

\\{ux,^-b){to)\\co<e, (3.17) 

then 

\\VuxAto + 2)\\co + \\{A + X)uxAto + Mco <Ke. (3.18) 
Proof of Lemma 10: The modified Ricci potential ux,i^ evolves by 

ux,u^ = ( A + X)ux,o: + ux,o: - h{t) . (3.19) 

Indeed, observe that ux,u} differs from —v by a constant depending only on time, so ap- 
plying part (i) of Lemma 5 gives (3.19) modulo a constant. To determine the constant, 
differentiate the equation e"^^;" — Vva. time and use the relation / = ux,uj — Xux,u>- 
Define constants c = c{t) by 

c^b + c, c(io) = 0, (3.20) 
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so that w — —ux,u> + b — c satisfies 

-^^{A + X)w + w. (3.21) 

Moreover, 11^(^0)11(70 < ^■ 

Now since v and w differ only by a constant, we have from Lemma 5 that 

^|Vw|2 = (A + X)\Vwf - |VVw|2 - |VVw|2 + |Vw|2, (3.22) 

and 

|-(A + X)w = (A + X)(A + X)w + (A + X)w + | VV^I^. (3.23) 

We can then modify the argument of Lemma 1 in [PSSWl] to obtain the result. Assume 
without loss of generality that to — 0. By (3.21), the maximum principle gives 11^(^)11(70 < 
e'^e for t e [0,2]. Prom 

|-(e-2*(w' + t\Vw\^) < (A + X){e-^\w^ + t\Vw\^), (3.24) 

we have \\Vw\\loit) < 6%^ and ||Xw||co(t) < C^e^s for t e [1,2]. Define 

L = e-(*-^)(|Vw|2 - en-\t - 1)(A + X)w), (3.25) 
and estimate, using the inequality (Aw)^ < n|VVt(;p, 

^L<(A + X)L + e-(*-^)n-^ (- Aw) (e + Aw) - e-^^-^^sn-^Xw. (3.26) 

We claim that L < 2(1 + Cx)e^£^ for t e [1, 2]. If the claim is false then, at some point 
{x', t') e Mx (1, 2], when the inequality first fails, we have -{A + X)w > {l + 2Cx)e'^e. In 
particular, at this point, e + Aw < —e. It then follows from (3.26) that —Aw < \Xw\ < 
Cxe-^s, a contradiction, thus proving the claim. Hence, at t = 2, the inequality 

(A + X)w > -2n(l + Cx)e^s, (3.27) 

holds on all of M. To obtain the upper bound of (A + X)w we evolve the quantity 

U = e-^^-^\\Vw\'^ + en-\t - 1){A + X)w), (3.28) 

and conclude by a similar argument, after choosing e sufficiently small, that (A + X)w < 
2n{l + Cx)e^e at i = 2. Q.E.D. 

Reiricirk Note that by the uniform bound of \X\ along the fiow, we can replace (3.18) in 
the conclusion of Lemma 10 with 

WVuxAto + 2)||co + \\AuxAto + 2)||co < Ke. (3.29) 
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4 Proof of Theorem 4 



We begin by deriving the following analogue for the modified Kahler-Ricci fiow of an 
identity in [PSl], 



Yx ^ -2\\VVu\\l + [ (Xm)|Vm|Vcu" 

- ljR-,j - g-,j - V,-X^)V%VWu;" - jjR -n- V^X^)\Vu\'e'u;'^. (4.1) 

Here and henceforth, we have denoted ux,u} and 9x,ui just by u and 9 to simplify the 
notation. Note that, as in (1.19), the notation || ■ refers to norms with the volume 
form a;" replaced by e^o;". To establish the above identity, we use the flow for | Vu|^ = | Vt'p 
already derived in Lemma 5, from which it follows that 

dt( [ iVwlVo;"') = / (A + X)|VM|Va;"- / iVVwl Vcu" - / IVVmIVcu" 
\Jm / Jm Jm Jm 

+ I iVwPe^o;" + / \Vu?{Xu)e^uj'' 
Jm Jm 

- [ \VuWR -n- VjX^>^a;". (4.2) 
Jm 

This formula can be simphfled as follows. The flrst term actually vanishes since 

/ e^o;" (A + X)r/ = (4.3) 

Jm 

for any smooth function ?], as can be easily checked by integration by parts, using the 
relation = d^O. Next, we have the following formula of Bochner-Kodaira type, if X^ is 
a holomorphic vector fleld and w is a function invariant under ImX, 

||VVm||^ = ||VVm||^+ / %V%V^Me^a;"- / V jX-^V'uV^ue'^u'' . (4.4) 

Jm Jm 

To estabhsh this, we integrate by parts, 
Jm 

= - / (Vp-V,Vfeii + XpV,V^ii)V,iirt'^e^a;" 

JM 

^\\VVu\\j+ f RiiV^uV'^ue^u'' 
Jm ■' 

+ f X,VpV-kuVgUg^Pg''~'e'uj^- f XpVjVj,uVgUg^Pg'^~'e'u;^. (4.5) 
Jm Jm 

Now we rewrite the integrands of the last two terms in the last line as follows: 

XjWpV-,uV,ug^Pg'i~' = V -^iX^V pu)W ,ug'^~^ - {V iXP)V puV ,ug<i^ 

XpV.V-kU VgUg^Pg'^'' = V-k{X^V,u)V,ug'i\ (4.6) 
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where we have used the fact that is a holomorphic vector field. But 

X^VpU - X^VjU ^ Xu- Xu^O, (4.7) 

since u is invariant under ImX and thus we are left with the desired formula (4.4). Sub- 
stituting this formula and the relation (4.3) in the earlier identity (4.2) gives the identity 
(4.1). 

Once the identity (4.1) is available, the arguments of [PSSWl] apply to give the proof 
of Theorem 4, with suitable modifications. Write 7r(VM) for the orthogonal projection with 
respect to the norm || • ||g of the T^'° vector field Vu onto the space of holomorphic vector 
fields. Then 

||VV«||^ > XximVu - n{Vu)\\l 

-Mt){\\^u\\l-\\7r{Vu)\\l), (4.8) 

where Xx{t) is the eigenvalue introduced in (1.20). Since ||7r(VM) ||e = T^iVuydjU e^o;" = 
—FxiirVu), we obtain the inequality 

Yx{t) < -2Xx{t) Yx{t) - 2Xx{t) FxiirVu) + / \Vu\\Xu)e'uj'' 

Jm 

- JjR-kj - g-^j - VjX-,)V^uWe'u;^ - JjR -n- ^ ^X^)\Vu\''e'uj^. (4.9) 

We come now to the proof of the difference-differential inequality for Yx{t) in the 
statement of Theorem 4. First, observe that 

\\R-kj - g-kj - ^jX-kh^ ^\\R-n- VjX^Wl^. (4.10) 

This is because the left hand side equals ||VVm||l2 and the right hand side equals ||Am||l2, 
which are readily seen to be equal by an integration by parts. Next, we claim that the last 
three terms on the right hand side of (4.9) can all be bounded by a constant multiple of 

\\Vu\\L2\\{u-b){t-2)\\lo. (4.11) 

Indeed, since 9 is bounded, we can write 

JjR-kj - 9-kj - V,X^)V^iiV%e^a;" < C\\Vu\\co\\Vu\\l2\\R-,^ - g-,^ - V.X^l^ 

= C||VM||c7o||VM||L2||i? - n - VjX^\L2 

<C\\Vu\\L2\\{u-b){t-2)\\lo, (4.12) 

where we have applied Lemma 10 to obtain the last line. Note that if ||(xi — 6)(i — 2)||co > e, 
for e as in Lemma 10, then we can still obtain the bound 

\\Vu\\co\\R -n- VjXmL2 <C\\{u- b){t - 2)\\lo, (4.13) 
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using the uniform estimates of ||Vw||co and ||Aw||f70. Similarly, 



n- VjX^')|VM|Va;" 



JM 

while the estimate for the remaining term. 



<C\\Vu\\l^ \\{u-h){t-2)\\l,, 



I |VM|2(XM)eV 

J M 



< \\Vu\\l2 \\{u-h){t-2)\\lo, 



(4.14) 



(4.15) 



is even easier, since \Xu\ < \X\ ■ \Vu\ <C\\{u — b){t — 2)||c;o. 

Let < p := l/(n + 1) < 1. By the LF'/C^ Poincare inequality and Lemma 10, we can 
write 



{u-h){t-2)rco<C\\Vu{t-2)\\%\\Vu{t 



|2(1-P) 



<CYx{t-2y\\{u-h){t-A)t'~'^ 



I CO 



(4.16) 



We note that these inequalities are homogeneous, in the sense that the sum of the exponents 
on either side always match. We can thus iterate, and obtain 

\\{u-h){t-2)\\l, 

<CYx{t-2Y\\{u-h){t-m'^'-''^ 

< CYx{t - 2yYx{t - Af^'-'^mu -b){t- 6)\\fo-'^' 

< ... 

< CYx{t - 2y-^Yx{t - 4)^ . .-Yxit - 2N)"-^\\{u - b){t - 2{N + l))||go'-''^", (4.17) 

with J2f=i 5j + 2(1 - p)^ = 2. Fix AT with 2(1 - p)^ < 1 and set 5o = 1. Since the quantity 
\\{u — b){t — 2{N + l))||co is bounded by Lemma 4, the statement of Theorem 4 follows 
from the inequalities (4.9), (4.12), (4.14), (4.15) and (4.17). 



5 Proof of Theorem 2 

Theorem 2 follows easily from what we have proved above. Indeed, by (2.3) and (2.42), 
the variation of the modified Mabuchi energy along the modified Kahler-Ricci flow is given 

by 

i^x = ~ I |Vwx,J'e^--a;" = -^Yx{t). (5.1) 

V JM V 

Integrating in we see that condition {Ax) implies: 

/ Yx{t)dt < oo. (5.2) 

On the other hand, from (4.2) and the uniform bounds of 9, Xux,u>: R and VjX^ we obtain 

Yx < CYx. (5.3) 
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The inequalities (5.2) and (5.3) imply (as in Section §2 of [PSl]) that Yx{t) — > as i — > oo. 
By the uniform bound of ||Vmx,w||co Lemma 9 we have 

\\ux,uj - b\\co -^0, as t ^ oo. (5.4) 

Then from Lemma 10 we see that 

||^^tx,w||co 0, as i — > oo. (5.5) 

Since Aux.lj = R—n—'VjX^, the first part of Theorem 2 is established. The integrability 
of \\R — n — VjXmco on [0, oo) is established in the same way as part (ii) of Theorem 1 
in [PSSWl] . The proof of Theorem 2 is complete. 

6 Proof of Theorem 1 

It is convenient to introduce the following fifth condition: 

(o) For each A; = 0, 1, 2, . . ., there exists a finite constant Ak so that 

suPt>o ||(/i'ilc'= < ^k- (6.1) 

We shall prove the following implications 

(o) ^ {in) 

(o) =^ (iv) =^ {ii) =^ (Hi) 

{iv) =^ {v) =^ (i) ^ {Hi) (6.2) 

from which the equivalence of all five conditions (i)-(v), and hence Theorem 1, all follow 
at once. 

6.1 (o) <^ (iii) 

This is the extension to the case of the modified Kahler-Ricci fiow of the classical fact 
that a C° estimate for the complex Monge- Ampere equation imphes C*^ estimates to all 
orders. Wc present it here, with emphasis only on those points that require additional 
arguments. We note that in [TZ2], a different method is used to obtain higher order 
estimates, involving a modification of the potential (/? along the fiow. We give here a direct 
proof of the higher order estimates for solutions of (2.23). 

The first step is to show that C° estimates for imply second order estimates for (/?. 
In this section, for case of notation, we will use gj^j to denote the original metric g^j, and 

A for the Laplacian with respect to this metric. As in the original approach of Yau [Yl] 
and Aubin [A] , we apply the maximum principle to the fiow of log {n + A(fi) — A(p, where 
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A is a large constant to be chosen later. It is convenient to use the formulas obtained in 
[PSS] for general flows. For this, we introduce the endomorphism 

h'^p = g'^'^g^p. (6.3) 
Then n + A(y£3 = Tr /i, and we have (see e.g. [PSS], eq. (2.27)) 

(A-a.)logIV/.= ^(A(log--0)-i?^ 



Tr/i (Tr/i)2 J' ^""'^^ 

where i?, Rkj°'/3 are the scalar and the Riemann curvature tensor of the metric g^j, g^^ is 
its inverse, and otherwise all indices are raised and lowered using the metric gj.j. The last 
line is non-negative (sec [Yl]), and the second line is bounded below by — CiTr/i~^. Since 
< (Tr/i)-i < Tr/i-^ we obtain 

(A - dt) log Tr/i > ;^r-rA(log — - 0) - C^T,h-\ (6.5) 
ir n ujq 

For the modifled Kahler-Ricci flow, we have 

A( log —-if) = -Acp -Ae- Afituo) = -T:th + n-M- Af{u;o). (6.6) 

The new term compared to the Kahler-Ricci flow is — A^, which is not yet known to be 
bounded. To ehminate it, we consider instead the expression {A + X — dt) log Tr h. The 
main observation is that: 

XTrh^ X(Aip) ^Ae-Ae + (tjX'^) h^m - V„X"*, (6.7) 

where 6 = 9x,u)o- To see this, observe that using the fact that X is holomorphic, 

A{X^) = g^'^V^V^iX^V^^) = g^~'V,X^{g-,^ - hJ + X{A^). (6.8) 

Then (6.7) follows from the identity X(p^9-9. 
Hence for the modifled Kahler-Ricci flow, 

{A + X- dt) log Trh> ;^(-Tr h + n - A9 + (V,X-) h^^ - V„X"^) - Ci Tr /i"^ 

>-C2-C3Trh-\ (6.9) 

From here, the proof can proceed as before. Set A — Cs + 1. Since A(p — —Trh"^ + n, 
and (p and Xip — 9 — 9 are bounded by Lemmas 4 and 1, we have 

{A + X -dt){\ogTYh- Aip) > -C4+ Trh-\ (6.10) 
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Fix T > 0. Then at a maximum point {xq, to) of the function log Tr h ~ Aip on M x (0, T], 
the quantity Trh~^ is bounded from above. But from the modified Kahler-Ricci flow 
equation (2.23) and the fact that (p, 6 and (/? are bounded, we see that the logarithm of the 
product of the eigenvalues of h is bounded, giving an upper bound of Ti h{xo,to). Thus, 
using again the estimate of ||<^||cO) we obtain a uniform upper bound of Tr/i along the 
modified Kahler-Ricci fiow. The positivity of the metric gj^j — g^j + djd^(p ensures uniform 
bounds of djdj^ip along the flow. In addition, from the lower bound of log (oo^/lj^), we have 
an estimate gf.j > C^g^j, for C5 > 0, showing that g is uniformly equivalent to g along the 
fiow. 

We now give the third order estimates. As in [Yl], set (/?^-x.„i = VmdkdjLp and S = 
9''^ 9^^9"^*^jkm^rst- Again, it is convenient to compute instead in terms of the connection 
Vhh~^, in terms of which we have 

S = r%^/''(V^/i/i-^)^(V,/i/i-i)^« = \Vhh-'\'. (6.11) 

Prom [PSS] eq. (2.48), under any fiow, we have the general formula 

(A - dt)S = \V{Vhh-^)\^ + \V{Vhh-^)\^ 

+ g"'mA - dt){Vmhh-'),V,hh-') + g"^^Vmhh-\ (A - dt){VJih-')) 

+ (ih-'ii + Ricr'^gi.f^g''' - 9"'Hh-'h + Ric)^;^^'^ + 9"^^ 9fi(^{h-'h + Ric)^'^) 
x{Vhmh-^fe{V^hh-^Ya- (6.12) 

Next, we specialize to the modified Kahler-Ricci fiow. We always have the following 
formula relating the curvatures of two metrics gi^j 9kj 

A{Vrnhh-^Y0 = V^"/?,-^% - V^i?"^. (6.13) 

For the modified Kahler-Ricci fiow, we have 

dt{Vmh h-^Tp = Vm{h-^hTp = -VmR'^p + V pX^ . (6.14) 

Thus we obtain 

(A - dt){Vmhh-^Tp = V^"4^% - VmVpX'^. (6.15) 

Similarly 

{h-^h)-^^ + = g-^^ + VjX-^. (6.16) 

Clearly, the terms V^V/jX" and V^X^ on the right hand side of the previous two equations 
are the only changes due to the modified Kahler-Ricci fiow. Using then the equation (2.51) 
for the Kahler-Ricci fiow in [PSS] , we obtain immediately the following formula 

(A - dt)S = |V(V/i/i-^)|' + |V(V/iOl' + |V/i/i-^|' 

+ ^-^V«"4^^(V^/i/i-i)/ + g'^'^iVmh /i-')/ V^^~^; 

+ (/) + (//) + (///) + {IV) + {V), (6.17) 
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where the terms (I)-(V) are due to the modifications arising from the holomorphic vector 
field X, and given explicitly by 

(7) = V-'X^g-.pg'^iVrr.hh-y^^^y'^ 
(II) = -g'^'^g^pg'^'VmVeX^iV^ h h-^y^ 

(III) = g^^-fg^^V^X^Vrnhh-y^iV^hh-^)^^ 

(IV) = -g'^'^g^pg'^iVmhh-ye^Y^X^^ 

(V) = -g'^'^VpXpg'^iVmh h-ye(V,h h-^^. (6.18) 

Because of the presence of the connection in e.g. V^X"* = g'^^VaX'", the first covariant 
derivatives of X'^ are of order 0(5'2), and hence 

\{I)\ + \{III)\ + \iV)\<C,S\\/X\. (6.19) 

The second covariant derivatives of X'^ can be expressed as follows 

W^WaX^ = W^iWaX"^ + {Vahh-y^X") 

= VjVaX"^ + V^iVah h-y^X'' + (Vah h-y^V^Xr (6.20) 

The first term on the right hand side is again of order 0{S^). The second term can be 
bounded by |V(V/i/i~^)| since \X\ is bounded. Thus we can write ^ 

|(//)| + \{IV)\ <C7{S+1) + \X\ ■ \V(Vhh-')\ ■ \Vhh-'\ + \Vhh-'\^ ■ \VX\ 

< C8S+-\V{Vhh-^)\^ + S\VX\+Cg. (6.21) 

Putting this all together, we obtain the following estimate for the flow of S in the modified 
Kahler-Ricci flow, 

(A - dt)S > -\V{Vhh-^)\^ + \V{Vhh-^)\^ - CgS\VX\ - Cio(l + S). (6.22) 

By the method of [Yl], we can control terms of order 0(5") using the evolution equation 
for Trh. However, we will need an additional argument to deal with the quantity S'|VX| 
which is of the order 0(5'^/^). Since |-^| is uniformly bounded along the flow, we have 

(A - dt)\X\^ = |VX|2 - |X|2 - d.djeX'XJ > i|VX|2 - Cii. (6.23) 

We define a constant K = 65 supj^^^jQ Q^-)(|Xp + 1) and compute the evolution of the 
quantity S/{K — IX]"^). Combining (6.22) and (6.23) we have 



(|V(V// • lr^-)\ 


2 


|V(V// • lr^)\ 




2{K- 1 


X|2) 



5'|VA'| 


2 


2{K 




|X|2)2 



^There are actually some partial cancellations between the terms I-V. We shall not need this fact, and 
won't exhibit it more explicitly. 
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2Re{g'^diSdj\X\^) 2S\V\X\^\^ 
^ {K-\X\Y ^ {K-\X\^f 

CgS\VX 



K- \X\ 



-Ci2{l + S). (6.24) 



We will use the good first and second terms on the right hand side of this inequality to 
deal with the bad third and fifth terms. We estimate the third term as follows: 

|2^%i,S%|xp| S\V\X\\^ 32|X|2(|V(V/i-/i-i)P + |V(V/i-OI') 
{K-\X\^f - 4(X- |X|2)2 + {K-\X\^f 

_gv^ (|v(vfe-fe-^)P + |v(v/i-OP) 

-4(X-|X|2)2+ 2(X-|X|2) ■ ^^^^> 

For the fifth term, observe that: 

Cg^lVXl 



K - \X\ 

Combining all of the above, we obtain 



s\vx\ 


2 


A{K - 


|X|2)2 



< ..r. 1^12^2 + CiS. (6.26) 



(A - d,) [y^J^) > -Cisil + S). (6.27) 

But from the computation for the second order estimate, we have 

{A-dt)Trh>^S-Cu, (6.28) 

and so applying the maximum principle to the quantity {S/{K — \X\^) +3Ci3Tr/i^ it 
follows that S/{K — \X\'^) and hence S is bounded. 

Remark Instead of computing the evolution of S/ {K — \X\^) , an alternative is to compute 
the evolution of the tensor = {W jhh~^)^XK Indeed one can prove that: 

{l^-dt)\T\^>-B^S-B2, (6.29) 

for uniform constants Bi and B2. Combining this with the evolution of Tr /i gives an upper 
bound of \T\ and hence |VX| along the flow. This implies that the term jS'|VX| is of order 
0{S) and one can proceed in the usual way to bound 5". 

In order to apply the standard parabolic estimates to obtain the higher order estimates, 
we require a derivative bound of g^j in the ^-direction (cf. [Ch], for example). Given the 
estimates proved so far, it is sufficient to bound |Ric(g')|. The evolution of the Ricci 
curvature along the modified Kahler-Ricci flow is given by 

(/^V,V^ - 9,)%. = % 'Rj, - R-,. ''R,, - X'WeR-,. + R-,,V,X'. (6.30) 
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Then given the estimates on Tr /i and -S", we have 

(A - a, + X)|Ric(^)| = {|VRic(^)r - |V|Ric| r + |Ric(^)r 

> -Ci5(|Rm|' + 1). (6.31) 

But from the computations above for the evolution of ^S", there exist uniform constants 
Ci6, Cn with Ci6 > such that 

(A-dt + X)S > Ci6|Rm|2 - Cir- (6.32) 

Then by applying the maximum principle to the quantity |Ric(5f)| + ^(Ci5 + 1)5* we 
obtain the desired upper bound on |Ric(5i)|. 

We have now established uniform parabolic estimates for the metric g-j:^ along the 
flow. One can now obtain the higher order estimates in the usual way. We differentiate the 
equation (2.23) in space, making use of Lemma 3, and then apply the standard parabolic 
estimates (se [L], for example) together with a bootstrapping argument. 

6.2 (o) (iv) 

The remaining implications are all straightforward adaptations of arguments in [PSSWl], 
so we shall be brief. It is convenient to formulate the following lemmas: 

Lemma 11 Let W{t) be a non-negative C°° function of t & [0, oo) with W{t) < Kq 
satisfying the difference- differential inequality 

W{t) < -2A W{t) + A n - 2j) ^ , fort>Ki> 2N, (6.33) 

j=0 

where X is a strictly positive constant, and Vj > satisfy | Z^^o — 1 • Then there exist 
constants C, k with k > depending only on Ko,Ki, A, N, Vj so that 

W{t)<Ce-''K (6.34) 
Proof of Lemma 11: See Section §5 of [PSSWl]. Q.E.D. 

Lemma 12 There exist constants ci,C2 > depending only on the complex manifold M 
and the holomorphic vector field X such that for all ut G ICx, 

ciX{u) < Xx{ou) < C2X{u). (6.35) 
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Proof of Lemma 12: This follows immediately from the fact that 9x,ui is uniformly bounded 
(by a constant independent of choice of metric in K,x) and the argument of Lemma 1 in 
[PSSW2]. Q.E.D. 

Lemma 13 Let Yx{t) he given as in (1.8) for the modified Kdhler-Ricci flow. Assume 
that the following three conditions are satisfied 

(a) Fx = 

(b) Yxit) ^0 as t^ oo 

(c) infi>oA(t) > 0. 

Then there exists constants C, k with k > so that Yx{t) < Ce~'^* . 

Proof of Lemma, 13: Wc apply Theorem 4. Under conditions (a)-(c), the difference- 
differential inequality given there, together with Lemma 12, implies that Yx{t) satisfies a 
difference-differential inequality exactly of the type formulated in Lemma 11. The desired 
inequality follows then from this lemma. Q.E.D. 

Returning to the proof of (o) ^ (iv), assume that (o) holds, that is, all norms ||</?(i)||c7)c 
are uniformly bounded in time for each k. Then there exists a sequence of times — > oo 
such that (p{tm) converges in C°° to an element (p{oo) of Vx{M,uJo). Since the modified 
Mabuchi K-energy /ix is decreasing along the modified fiow, it follows that for any time t, 

l^x(v{t)) > i^xi^fioo)), (6.36) 

and hence /ix is bounded below along the modified fiow. Using this, one can see that the 
limit metric gkj{oo) must be a Kahler-Ricci sohton with respect to X (c.f. the proof of The- 
orem 2). Theorem 5 then estabhshes condition (Ax). Next, we claim that Condition (S) 
is also satisfied, that is, the eigenvalues X(t) are bounded below by a strictly positive con- 
stant A. Otherwise, let ip{tm) be a subsequence with \{tm) — ^ 0. It contains a subsequence 
(f{t£) such that the corresponding metrics gijiti) converge in C°° to a Kahler-Ricci soliton 
g^j{oo) with respect to X. In [PSl], it was shown that X{ti) — > A(oo) if g^jite) 9kj{'too) 
and the dimensions of the holomorphic vector fields of the complex structures for gkj{te) 
and g^j{oo) are the same. In the present case, the complex structures of gij{t() and g^j{oo) 
are the same, so wc do have \{ti) A(oo). Since A(oo) > by definition, we obtain a 
contradiction. Condition (S) is established. 

The existence of a Kahler-Ricci soliton with respect to X implies that (a) in Lemma 
13 holds and condition {Ax) gives (b) by Theorem 2. Since (c) in this Lemma is the same 
as {S), Lemma 13 applies, and (iv) is established. 

6.3 (iv) (ii) 

Assume that (iv) is satisfied, and thus Yx{t) is rapidly decreasing. Then Lemma 9 implies 
that 

\\ux,uj - b\\co < Ce^^c^"* (6.37) 
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But Lemma 10 implies then that 

\\R-n- VjXmco < C'e'^^^"* (6.38) 

which gives (ii). 

6.4 (ii) ^ (iii) 

Assume (ii). Since (9( log (a;"/a;J) = g^^gkj = ~{R — n — VjX^), we obtain immediately, 
uniformly in i e [0, cxd) 

|log(— )|</ \\R-n-WjX^\\codt <C. (6.39) 
ojq Jo 

Next, from the modified Kahler-Ricci flow and the uniform bound for ||0||co (Lemma 4), 
it follows that 

Mco = - log {—)-e + fMWco < c. (6.40) 

UJq 

6.5 (iv) (v) 

Assume (iv). We have already seen that (iv) implies (ii), which implies in turn (iii), which 
is equivalent to (o). Thus all metrics g^jit) are equivalent with uniform bounds in t. The 
same arguments as in [PSl], applied with straightforward modifications to ux,u) — f + dx,u) 
instead of the Ricci potential there, show that ||wx,a)||(s) converges exponentially fast to 
with respect to any Sobolev norm s. It follows easily from there that gkj{t) converges 
exponentially fast to a Kahler-Ricci soliton gi^j{oo). 

Since all the remaining implications in (6.2) are trivial, the proof of Theorem 1 is 
complete. 

7 Proof of Theorem 3 

It is now easy to prove Theorem 3. If the modified Kahler-Ricci flow converges to a 
Kahler-Ricci soliton with respect to X then, by Theorem 5, Condition (Ax) is satisfied. 
Furthermore, as part of the proof of the step (o) =^ (iv), we have seen that the uniform 
boundedness of ||</?(t)||c7fc for each k imphes that Condition (S) is satisfied. Thus it remains 
only to estabhsh the sufficiency of (Ax) and (-S") for the exponential convergence of the 
Kahler-Ricci fiow. 

The arguments are now practically the same as in the proof of the implication (o) =^ 
(iv) earlier. By Proposition 1 and Theorem 2, (Ax) implies (a) and (b) of Lemma 13. In 
addition, (S) gives condition (c). Thus wc obtain the exponential decay of Yx{t), that 
is. Condition (iv) of Theorem 1 is satisfied. But Theorem 1 implies then the exponential 
convergence of the modified Kahler-Ricci fiow to a Kahler-Ricci soliton. Q.E.D. 
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8 Further remarks and questions 

(1) As mentioned in the introduction, our results imply that if a metric Uq is invariant 
under the action induced by the imaginary part of a holomorphic vector field X then 
along the Kahler-Ricci flow starting at loq, the quantity \X\'^ is uniformly bounded. We 
remark that an immediate consequence of this is that if M and the initial metric are 
toric then gij{t) is bounded from above on compact subsets of the interior of the polytope 
A C R"^. Of course, the case of the Kahler-Ricci flow on toric varieties is by now already 
well-understood by the work of Zhu [Zhu2] (see also [WZ], [TZ2]). 

(2) An obvious question is: what other notions of stability correspond to the existence 
of a Kahler-Ricci soliton on Ml By Theorem 2 we see that, assuming condition {Ax)-, 
the norm of the quantity {R — n — VjX^) tends to zero along the Kahler-Ricci flow. 
Is there a natural analogue of the Calabi energy and a version of Donaldson's result [D2] 
giving 'semi-stability' in this case? 

(3) If one assumes uniform curvature bounds along the modified Kahler-Ricci fiow then, 
in a similar vein to [PSSW2] and [S2], one would expect convergence of the fiow to a soliton 
if the modified Futaki invariant Fx vanishes and an addition stability assumption holds, 
such as: condition (S), condition (B) of [PSl], or a modified version of K-stability. 

(4) Does the stronger conclusion 



follow from condition (Ax)? Observe that convergence to zero does hold assuming 
{Ax), since by Theorem 2, 
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